On inverse mean curvature flow in Schwarzschild space and Kottler space by Li, Haizhong & Wei, Yong
ar
X
iv
:1
21
2.
42
18
v2
  [
ma
th.
DG
]  
18
 Ju
l 2
01
5
ON INVERSE MEAN CURVATURE FLOW IN
SCHWARZSCHILD SPACE AND KOTTLER SPACE
HAIZHONG LI AND YONG WEI
Abstract. In this paper, we first study the behavior of inverse mean
curvature flow in Schwarzschild manifold. We show that if the initial
hypersurface Σ is strictly mean convex and star-shaped, then the flow
hypersurface Σt converges to a large coordinate sphere as t → ∞ expo-
nentially. We also describe an application of this convergence result. In
the second part of this paper, we will analyse the inverse mean curva-
ture flow in Kottler-Schwarzchild manifold. By deriving a lower bound
for the mean curvature on the flow hypersurface independently of the
initial mean curvature, we can use an approximation argument to show
the global existence and regularity of the smooth inverse mean curva-
ture flow for star-shaped and weakly mean convex initial hypersurface,
which generalizes Huisken-Ilmanen’s result [18].
1. Introduction
In this paper, we analyse the inverse mean curvature flow in Schwarzschild
manifold and Kottler-Schwarzchild manifold. The Schwarzschild manifold
is an n-dimensinal (n ≥ 3) manifold M = [s0,∞)× Sn−1 equipped with the
metric
g¯ =
1
1− 2ms2−n ds
2 + s2gSn−1 , (1.1)
wherem > 0 is a constant, s0 is the unique positive solution of 1−2ms2−n0 =
0 and gSn−1 is the canonical round metric on the unit sphere S
n−1. The
metric (1.1) is asymptotically flat in the sense that the sectional curvature
of (M, g¯) approaches zero near infinity. By a change of variable, the metric
(1.1) can be written as the following warped product metric
g¯ = dr2 + λ2(r)gSn−1 , (1.2)
where λ(r) : [0,∞)→ [s0,∞) satisfies
λ′(r) =
√
1− 2mλ(r)2−n. (1.3)
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Given a hypersurface Σ in (M, g¯), we say that it is strictly mean convex if
its mean curvature H is positive everywhere on Σ, and we say that Σ is star-
shaped if it can be represented as a radial graph over the sphere Sn−1, which
is equivalent to that the support function χ = 〈λ(r)∂r, ν〉 > 0 everywhere on
Σ. The inverse mean curvature flow of Σ is a family of smooth embeddings
X : Σ× [0, T )→ (Mn, g¯) satisfying
∂tX =
1
H
ν, (1.4)
where ν, H are the unit outward normal vector and mean curvature of the
flow hypersurface Σt = X(Σ, t) respectively.
Our first main result is following long-time existence and convergence
result of the inverse mean curvature flow (1.4) for strictly mean convex and
star-shaped hypersurface in (M, g¯).
Theorem 1.1. The inverse mean curvature flow (1.4) starting from a strictly
mean convex and star-shaped hypersurface Σ in the Schwarzschild manifold
(M, g¯) will exist for all time. The flow hypersurface Σt converge to infinity
while preserving strictly mean convex and star-shapedness. Moreover, there
exist positive constants λ¯ and β′ such that the induced metric on Σt satisfies
e−
2t
n−1 gij → λ¯2σij (1.5)
exponentially fast and the second fundamental form hji satisfies
| λ
λ′
hji − δji | = O(e−β
′t) (1.6)
as t → +∞, where σij denotes the components of the round metric gSn−1 .
In other words, the flow Σt converges to a large coordinate sphere as t→∞.
The convergence results of inverse mean curvature flow in Euclidean space
R
n has been studied by Gerhardt [7] (see also Urbas [27]), in the hyperbolic
space Hn by Gerhardt [9] and Ding [6], and in the sphere Sn by Gerhardt [10]
and Makowski-Scheuer [23]. Huisken-Ilmanen [17] considered the weak so-
lution of the inverse mean curvature flow in asymptotically flat manifold (in
a level-set formulation), which includes the Schwarzchild manifold as a spe-
cial case. Recently, Brendle-Hung-Wang [3] investigated the inverse mean
curvature flow in anti-de Sitter-Schwarzschild manifold which is asymptoti-
cally hyperbolic at the infinity, and applied the convergence result to prove a
sharp Minkowski inequality for strictly mean convex and star-shaped hyper-
surface in anti-de Sitter-Schwarzschild manifold. Our Theorem 1.1 provides
a convergence result of the inverse mean curvature flow in the Schwarzchild
manifold which is asymptotically flat.
The inverse mean curvature flow is a useful tool and has many applications
in geometric analysis and general relativity, see, e.g. [1,4,5,11–13,17,20,21,
25]. In §3.2, we will describe an application of Theorem 1.1 and give a
direct proof of the sharp Minkowski type inequality (due to Brendle-Hung-
Wang [3]) for strictly mean convex and star-shaped hypersurface in the
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Schwarzchild manifold. Moreover, by an approximation argument, we can
show that such inequality also holds for weakly mean convex and star-shaped
hypersurface. After the first version of this paper appeared on the arxiv,
Scheuer [26] investigated the inverse mean curvature flow in warped cylinders
of non-positive radial curvature, which can be viewed as a generalization of
Theorem 1.1 and [3, Theorem 1.1]. However, he didn’t give the application
of the convergence result.
In the second part of this paper, we turn to the inverse mean curvature
flow in the Kottler space. The Kottler space, which is also called Kottler-
Schwarzchild space, is an analogue of the Schwarzchild space in the context
of asymptotically locally hyperbolic manifolds. Fix κ = 0,±1 and suppose
that (Nn−1, gˆ) is a closed space form of constant sectional curvature κ. The
Kottler space is an n-dimensional product manifold Mκ = [sκ,+∞) × N
equipped with the warped product metric
g¯κ =
1
κ+ s2 − 2ms2−n ds
2 + s2gˆ, (1.7)
where sκ is the largest positive root of κ + s
2 − 2ms2−n. If κ ≥ 0, then m
is always positive; if κ = −1, then m can be negative and belongs to the
interval m ∈ [mc,∞), where mc = −(n − 2)
n−2
2 n−
n
2 . The Kottler space
is asymptotically locally hyperbolic, as near the infinity the metric (1.7)
resembles the locally hyperbolic metric
bκ =
1
κ+ s2
ds2 + s2gˆ. (1.8)
Note that when κ = 1, (N, gˆ) is just the round sphere Sn−1, the metric (1.8)
is exactly the hyperbolic metric on R+ × Sn−1 and the metric (1.7) is the
anti-deSitter-Schwarzchild metric. As in the Schwarzchild case, by a change
of variables, the metric (1.7) is equivalent to
g¯κ = dr
2 + λ2κ(r)gˆ, (1.9)
where λκ(r) : [0,∞)→ [sκ,∞) satisfies
λ′κ(r) =
√
κ+ λκ(r)2 − 2mλκ(r)2−n. (1.10)
The long-time existence and convergence result of smooth inverse mean cur-
vature flow in the Kottler space (Mκ, g¯κ) with star-shaped and strictly mean
convex initial hypersurface has been studied in [3, 13].
Recall that Huisken and Ilmanen [18] derived a lower bound of the mean
curvature for smooth star-shaped solution of inverse mean curvature flow in
Euclidean space, independently of the initial mean curvature. Such estimate
was combined with an approximation argument to prove the global existence
and regularity of the solution to the inverse mean curvature flow for star-
shaped with weakly mean convex initial hypersurface. Our next result is a
generalization of Huisken-Imanen’s [18] result to the inverse mean curvature
flow in the Kottler space.
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Theorem 1.2. Let X0 : Σ → (Mκ, g¯κ) be a closed hypersurface of class
C1 with measurable, bounded and nonnegative weak mean curvature in the
Kottler space with nonnegative mass m. Assume that Σ0 = X0(Σ) is star-
shaped and the support function χ = 〈λκ(r)∂r, ν〉 satisfies
0 < R1 ≤ χ ≤ R2 (1.11)
where R1, R2 are positive constants. Then the inverse mean curvature flow
(1.4) in (Mκ, g¯κ) has a global smooth solution X : Σ × (0,+∞) → (Mκ, g¯κ)
and Σt = X(Σ, t) converges to Σ0 uniformly in C
0 as t→ 0.
To prove Theorem 1.2, the key ingredient is lemma 4.1 which established
a lower bound of the mean curvature along inverse mean curvature flow.
Precisely, we show that for a smooth solution of the inverse mean curva-
ture flow which is initially star-shaped in the sense of (1.11), there exists a
uniform constant 0 < c(n) < ∞ such that the mean curvature has a lower
bound
min
Σt
H ≥ c(n)R1R−12 min{
1√
2
t
1
2 , 1}. (1.12)
The proof of (1.12) is much simpler than that in [18] for the Euclidean case.
This is due to that the curvature of (Mκ, g¯κ) with nonnegative mass con-
tributes enough negative terms in the evolution equations of related terms;
while in Rn case, one need to apply the Sobolev inequality for hypersurfaces
to explore the negative gradient terms to obtain Lp-estimate and then supre-
mum estimate by Stampacchia iteration. Note that the estimate (1.12) is
independent on the initial mean curvature. Suppose Σ0 is the initial hyper-
surface in Theorem 1.2 which has nonnegative weak mean curvature. Then
Σ0 can be approximated by a sequence of hypersurfaces Σ0,ǫ, 0 < ǫ < ǫ0
with positive mean curvature. Starting from each Σ0,ǫ, the inverse mean
curvature flow has a global smooth solution in view of the estimate (1.12)
and the higher regularity estimate (cf. [3, 13]). Since the estimate (1.12)
is independent of the initial mean curvature and is uniform in ǫ for each
positive time t, by letting ǫ → 0 we can obtain the desired global solution
Σt for all 0 < t <∞ and it approaches Σ0 uniformly as t→ 0.
Remark 1.1. It’s an interesting question whether the conclusion in Theorem
1.2 holds for inverse mean curvature flow in the Schwarzschild manifold, or in
the Kottler-Schwarzchild manifold with negative mass. We will investigate
this problem in the future.
The paper is organized as follows. In section 2, we collect some facts
about the Schwarzschild manifold, Kottler-Schwarzchild manifold and star-
shaped hypersurfaces; In section 3, we establish the long-time existence
and convergence result of the inverse mean curvature flow for star-shaped
and strictly mean convex hypersurface in the Schwarzschild manifold, and
describe an application. In section 4, we first prove the lower bound (1.12)
for the mean curvature along the inverse mean curvature flow in the Kottler
space and then use an approximation argument to prove Theorem 1.2.
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2. Preliminaries
In this section, we collect some facts about the Schwarzschild manifold,
Kottler-Schwarzchild manifold and star-shaped hypersurfaces.
2.1. Schwarzchild manifold. As in the introduction, the Schwarzschild
metric can be written as the following warped product metric on R+×Sn−1
g¯ = dr2 + λ2(r)gSn−1 , (2.1)
where λ(r) : [0,∞)→ [s0,∞) satisfies
λ′(r) =
√
1− 2mλ(r)2−n, λ′′(r) = m(n− 2)λ(r)1−n. (2.2)
Let θ = {θj}, j = 1, · · · , n − 1 be a coordinate system on Sn−1, ∂θi be the
corresponding coordinate vector field inM and ∂r be the radial vector. By a
direct calculation (see, e.g., [24]), the curvature tensor of the Schwarzschild
manifold (M, g¯) has the following components
R¯ijkl =
1− λ′2
λ2
(g¯ikg¯jl − g¯ilg¯jk) = 2mλ−n(g¯ikg¯jl − g¯ilg¯jk), (2.3)
R¯irjr =− λ
′′
λ
g¯ij = −m(n− 2)λ−ng¯ij , (2.4)
where 1 ≤ i, j, k, l ≤ n− 1 and g¯ij = g¯(∂θi , ∂θj ) = λ2gSn−1(∂θi , ∂θj ) = λ2σij.
Other components of the curvature tensor are equal to zero. By a further
calculation, we have the Ricci curvature of (M, g¯)
Ric =
(
(n− 2)1− λ
′2
λ2
− λ
′′
λ
)
g¯ − (n− 2)
(
1− λ′2
λ2
+
λ′′
λ
)
dr2
=m(n− 2)λ−ng¯ −mn(n− 2)λ−ndr2 (2.5)
and the scalar curvature
R¯ = (n− 1)
(
(n− 2)1 − λ
′2
λ2
− 2λ
′′
λ
)
= 0. (2.6)
We denote by ∇¯, ∇¯2 and ∆¯ the gradiant, Hessian and Laplacian operator
on (M, g¯). We can compute the Hessian of λ′:
∇¯2λ′ =λ
′λ′′
λ
g¯ + (λ′′′ − λ
′λ′′
λ
)dr2
=m(n− 2)λ−nλ′g¯ −mn(n− 2)λ−nλ′dr2 (2.7)
Thus we have
∆¯λ′ = (n− 1)λ
′λ′′
λ
+ λ′′′ = 0. (2.8)
Combining (2.5),(2.7) and (2.8), we conclude that λ′ satisfies the following
static equation:
(∆¯λ′)g¯ − ∇¯2λ′ + λ′Ric = 0. (2.9)
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2.2. Kottler-Schwarzchild manifold. Similarly, by a change of variables
r = r(s) with
r′(s) =
1√
κ+ s2 − 2ms2−n , r(sκ) = 0,
the Kottler metric (1.7) is equivalent to the following warped product metric
g¯κ = dr
2 + λ2κ(r)gˆ, (2.10)
on [0,+∞) × N , where λκ(r) : [0,∞) → [sκ,∞) is the inverse of r(s) and
satisfies
λ′κ(r) =
√
κ+ λκ(r)2 − 2mλκ(r)2−n, (2.11)
λ′′κ(r) =λκ(r) +m(n− 2)λ1−nκ (r) (2.12)
Let θ = {θj}, j = 1, · · · , n − 1 be a coordinate system on N , ∂θi be the
corresponding coordinate vector field in Mκ and ∂r be the radial vector. As
before, the curvature tensor of (Mκ, g¯κ) has the following components
R¯ijkl =
1− λ′2κ
λ2κ
(g¯ikg¯jl − g¯ilg¯jk) = (2mλ−nκ − 1)(g¯ik g¯jl − g¯ilg¯jk) (2.13)
R¯irjr =− λ
′′
κ
λκ
g¯ij = −(1 +m(n− 2)λ−nκ )g¯ij , (2.14)
where 1 ≤ i, j, k, l ≤ n − 1 and g¯ij = g¯κ(∂θi , ∂θj ) = λ2gˆ(∂θi , ∂θj ) = λ2gˆij .
Other components of the curvature tensor are equal to zero. The Ricci
curvature of (Mκ, g¯κ) can be expressed as
Ric =
(
m(n− 2)λ−nκ − (n− 1)
)
g¯κ −mn(n− 2)λ−nκ dr2 (2.15)
and the scalar curvature
R¯ = (n− 1)
(
(n− 2)1− λ
′2
κ
λ2κ
− 2λ
′′
κ
λκ
)
= −n(n− 1). (2.16)
One can also check that λ′κ satisfies the static equation:
(∆¯λ′κ)g¯κ − ∇¯2λ′κ + λ′κRic = 0. (2.17)
2.3. Star-shaped hypersurface. If Σ is a smooth closed hypersurface in
the Schwarzchild manifold (M, g¯), we say that Σ is star-shaped if the support
function χ = 〈λ∂r, ν〉 > 0 on Σ, which implies that Σ could be parameterized
by a graph
Σ = {(r(θ), θ) : θ ∈ Sn−1}
for a smooth function r = r(θ) on Sn−1. As in [3, 6, 9], we define a function
ϕ on Sn−1 by ϕ(θ) = Φ(r(θ)), where Φ(r) is a positive function satisfying
Φ′(r) = 1/λ(r). Define
v =
√
1 + |Dϕ|2
Sn−1
,
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where D denotes the Levi-Civita connection on Sn−1. Let θ = {θj}, j =
1, · · · , n−1 be a coordinate system on Sn−1. The unit normal vector of this
hypersurface could be written as
ν =
1
v
(∂r − r
j
λ2
∂θj ). (2.18)
We can express the metric and second fundamental form of Σ as following
gij = λ
2(σij + ϕiϕj), hij =
λ′
vλ
gij − λ
v
ϕij , (2.19)
where ϕi, ϕij are covariant derivatives of ϕ with respect to the metric gSn−1 .
After lifting the indice j, we have
hji = hikg
kj =
1
vλ
(
λ′δji − σ˜jkϕki
)
, (2.20)
where σ˜jk = σjk − ϕjϕkv2 with ϕj = σjkϕk. The mean curvature H then has
the form
H =
(n− 1)λ′ − σ˜ijϕij
vλ
. (2.21)
The above definitions and formulas can also be similarly given for hypersur-
faces in Kottler-Schwarzchild manifold (M, g¯κ).
3. Inverse mean curvature flow in Schwarzchild manifold
The inverse mean curvature flow in the Schwarzschild manifold is a family
X : Σ× [0, T )→ (M, g¯) satisfying
∂tX =
1
H
ν, (3.1)
where ν is the unit outward normal and H is the mean curvature of Σt =
X(Σ, t). If the initial hypersurface is star-shaped and strictly mean convex,
the short time existence result (see, e.g., [8]) of (3.1) implies the flow exists
on a maximum time interval [0, T ). Thus it remains to study the long time
behavior of the flow (3.1).
Let ∂i, i = 1, 2, · · · , n − 1 be coordinate vector fields on Σt. Denote by
gij and hij the components of the first and second fundamental form, by
H = gijhij the mean curvature and |A|2 = hikhljgilgjk the squared norm
of the second fundamental form, and by dµt the area element on Σt. We
first collect the evolution equations for various geometric quantities under
the inverse mean curvature flow.
Lemma 3.1 (Evolution equations). Under the flow (3.1), we have
∂tgij =2H
−1hij , (3.2)
∂tdµt =dµt, (3.3)
∂tν =
1
H2
∇H, (3.4)
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∂th
j
i =
∆hji
H2
+
|A|2
H2
hji −
2
H
hki h
j
k −
2
H3
∇iH∇jH − 2
H
R¯νiνkg
kj
+
2
H2
gljgkshmk R¯misl +
1
H2
gljgkshmi R¯mksl +
1
H2
gljgkshml R¯mksi
+
1
H2
Ric(ν, ν)hji +
1
H2
gljgks
(∇¯kR¯νisl + ∇¯lR¯νksi) (3.5)
∂tH =
∆H
H2
− 2 |∇H|
2
H3
− |A|
2
H
− Ric(ν, ν)
H
(3.6)
∂tχ =
1
H2
∆χ+
|A|2
H2
χ− 1
H2
Ric(ν, ∂k)〈λ∂r, ∂j〉gkj . (3.7)
where ∇ and ∆ are gradient and Laplacian operator with respect to the
induced metric on the flow hypersurface Σt.
Proof. The evolution equations for the metric, area element, unit normal
and the second fundamental form can be calculated in a standard way as
in [15], we omit the argument here. For the support function, we have
∂tχ = ∂t〈λ∂r, ν〉 = 〈∇¯∂t(λ∂r), ν〉+ 〈λ∂r, ∂tν〉 =
λ′
H
+
1
H2
〈λ∂r,∇H〉,
where we used the conformal property of the vector field λ∂r (see [2]) and
(3.4). On the other hand, by using the conformal property of λ∂r again and
the Codazzi equations, we have
∇iχ = 〈∇¯∂i(λ∂r), ν〉+ 〈λ∂r, ∇¯∂iν〉 = 〈λ∂r, hki ∂k〉
and
∇j∇iχ =λ′hij − hki hkjχ+ 〈λ∂r,∇jhki ∂k〉
=λ′hij − hki hkjχ+ 〈λ∂r,∇khij∂k〉++〈λ∂r, Rνiljglk∂k〉.
Thus we obtain
∆χ = λ′H − |A|2χ+ 〈λ∂r,∇H〉+Ric(ν, ∂l)〈λ∂r, ∂k〉gkl.
Then (3.7) follows from combining the above equations. 
Remark 3.1. The evolution equations (3.2)–(3.6) in fact hold for inverse
mean curvature flow in general Riemannian manifold; the evolution equation
(3.7) also holds for inverse mean curvature flow in Kottler space.
We could use the evolution equation (3.7) of the support function to
show that under the inverse mean curvature flow, the evolved hypersurface
Σt remains star-shaped.
Lemma 3.2. If the initial hypersurface satisfies
0 < R1 ≤ χ ≤ R2,
then the solution of the inverse mean curvature flow (3.1) satisfies
R1e
t
n−1 ≤ χ ≤ λ(r) ≤ R2e
t
n−1 . (3.8)
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Proof. From the expression (2.5) for Ricci curvature of the Schwarzschild
manifold, we have
Ric(ν, ∂k)〈λ∂r, ∂j〉gkj =−mn(n− 2)λ−n〈∂r, ν〉〈∂r, ∂k〉〈λ∂r, ∂j〉gkj
=−mn(n− 2)λ−nχ〈∂r, ∂k〉〈∂r, ∂j〉gkj
=−mn(n− 2)λ−nχ|∂⊤r |2,
where
|∂⊤r |2 =
n−1∑
k,j=1
〈∂r, ∂k〉〈∂r, ∂j〉gkj
is squared norm of the tangential part ∂⊤r of the radial vector ∂r. Substi-
tuting the above into the evolution equation (3.7) of χ, we have
∂tχ =
1
H2
∆χ+
|A|2
H2
χ+
1
H2
mn(n− 2)λ−n|∂⊤r |2χ, (3.9)
Since χ > 0 on the initial hypersurface Σ0, in view of the inequality |A|2 ≥
H2/(n − 1), m > 0 and using the parabolic maximum principle, we conclude
that
χ ≥ e tn−1 min
Σ0
χ = e
t
n−1R1 (3.10)
which implies the star-shapedness of Σt.
On the other hand, since λ∂r is a conformal vector field, we have
∂tλ
2 = 2∂t〈λ∂r, λ∂r〉 = 2〈λ∂r, λ
′
H
ν〉 = 2λ
′
H
χ.
Note that at the point of a hypersurface in (M, g¯) most distant from the
origin, we have χ = λ and H ≥ (n − 1)λ′/λ (see [22, Lemma 2.1]). Then
d
dt
max
Σt
λ(r)2 ≤ 2
n− 1 maxΣt λ(r)
2,
which implies that
χ ≤ λ(r) ≤ R2e
t
n−1 . (3.11)

Remark 3.2. The conclusion in lemma 3.2 is also true for inverse mean
curvature flow in Kottler space. In fact, at the point x ∈ Σt where χ(x, t) =
minΣt χ, we have ∂r ⊥ TxΣt and therefore |∂⊤r | = 0. Then we can still derive
the lower bound (3.10) from (3.9). The proof of the upper bound for χ is
similar.
The flow equation (3.1) is often called the parametric form of the flow.
Since each Σt is star-shaped, it can be represented as a graph
Σt = {(r(θ, t), θ) : θ ∈ Sn−1}
Then the flow equation is equivalent to the following non-parametric form
of the flow (cf. [3, 6, 9])
∂r
∂t
=
v
H
. (3.12)
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The speed function v/H depends on r,Dr,D2r. It is easy to see that the flow
equation (3.12) is parabolic. In deed, as in §2.3 we define ϕ(θ, t) = Φ(r(θ, t))
with Φ(r) is a positive function satisfying Φ′(r) = 1/λ(r). Then
ϕi =
ri
λ
, ϕij =
rij
λ
− λ
′rirj
λ2
,
and we have
H =
(n− 1)λ′
vλ
− σ˜
ij
vλ2
(rij − λ
′rirj
λ
). (3.13)
Thus
∂
∂rij
(
v
H
) =
σ˜ij
H2λ2
which is nonnegative definite and therefore (3.12) is parabolic.
Lemma 3.3. Let r1, r2 be constants such that
r1 < r(θ) < r2
holds on the initial hypersurface Σ0. Then on Σt we have the estimate
λ(r1)e
t
n−1 < λ(r(θ, t)) < λ(r2)e
t
n−1 , ∀ t ∈ [0, T ). (3.14)
Proof. Let Sri , i = 1, 2 be coordinate spheres {ri} × Sn−1. We solve the
inverse mean curvature flows with initial hypersurface Sri respectively. If
the initial hypersurface is a coordinate sphere, the inverse mean curvature
flow becomes a scalar flow:
dr
dt
=
1
H
=
λ
(n− 1)λ′ ,
where we used that the principal curvatures of a coordinate sphere are λ′/λ.
Then
dλ
dt
=
λ
n− 1 .
From this we deduce that λ(ri(t)) = λ(ri(0))e
t
n−1 . By the parabolic maxi-
mum principle, we have
r1(t) < r(θ, t) < r2(t), t ∈ [0, T ).
Since λ′ > 0, we also have
λ(r1(t)) < λ(r(θ, t)) < λ(r2(t)).
The assertion follows from the above inequality. 
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3.1. Proof of Theorem 1.1. We now give the proof of Theorem 1.1. In
this subsection, we will assume that (M, g¯) is the standard Schwarzchild
manifold. We first estimate the upper bound for the mean curvature of Σt.
Lemma 3.4. There is a constant C1 > 0 such that He
t
n−1 ≤ C1, where C1
depends on m,n, r1 and maxΣ0 H.
Proof. From the evolution equation (3.6) of H, we have
∂tH
2 =− 2H∆ 1
H
− 2|A|2 − 2Ric(ν, ν). (3.15)
Using (2.5), we know that Ric(ν, ν) = O(λ−n), which implies that |Ric(ν, ν)| ≤
Cλ(r1)
−ne−
nt
n−1 by Lemma 3.3, where C depends only on m,n. Then (3.15),
together with the inequality |A|2 ≥ H2/(n− 1) yields that
d
dt
H2max ≤−
2
n− 1H
2
max + Cλ(r1)
−ne−
nt
n−1 .
From this, we can obtain that
e
2t
n−1H2(x, t) ≤ max
Σ
H2(x, 0) +
n− 1
n− 2Cλ(r1)
−n,
which gives the assertion of the lemma. 
To estimate the lower bound of H, by the definition of ϕ we have
∂ϕ
∂t
=
v
λH
=
1
Hχ
=
1
F
, (3.16)
where the function
F = Hχ =
(n− 1)λ′ − σ˜ijϕij
v2
. (3.17)
The flow equation (3.16) is also parabolic.
Lemma 3.5. There is a constant C2 > 0 such that He
t
n−1 ≥ C2, where C2
depends on r2 and minΣ0(λH/v).
Proof. If we differentiate (3.16) with respect to t, we obtain
∂t(∂tϕ) =
σ˜ij
v2F 2
(∂tϕ)ij − 1
F 2
∂F
∂ϕi
(∂tϕ)i − (n− 1)λλ
′′
λ2H2
∂tϕ.
Then the maximal principle implies that
d
dt
(∂tϕ)max ≤− (n− 1)λ
′′
λH2
(∂tϕ)max.
So from (2.2) we have
d
dt
(∂tϕ)max ≤0. (3.18)
Noting that ∂tϕ = v/(λH) and v ≥ 1, we obtain that
λH ≥ min
Σ0
λH
v
> 0,
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The assertion follows from the above inequality and Lemma 3.3. 
For the first spacial derivatives of ϕ, we have the following estimate.
Lemma 3.6. There is a constant β > 0 such that |Dϕ|Sn−1 ≤ O(e−βt).
Proof. Let ω = 12 |Dϕ|2Sn−1 . We can compute as lemma 8 in [3] to obtain the
evolution of ω:
∂tω =
σ˜ij
v2F 2
ωij − 1
F 2
∂F
∂ϕi
ωi − σ˜
ij
v2F 2
σklϕikϕjl
− 2(n − 2)
λ2H2
ω − 2(n − 1)λ
′′
λH2
ω.
By Lemma 3.3 and Lemma 3.4, there is a constant β > 0 such that
(n− 2)
λ2H2
≥ β.
So from (2.2) we have
d
dt
ωmax ≤ −2β ωmax,
which implies the Lemma. 
Next, we will estimate the second fundamental form of Σt. We define the
tensor η by (as in [18])
ηji = Hh
j
i .
Combining the evolution equations (3.5),(3.6), and using the expression
(2.3)–(2.4) for the curvature tensor of the Schwarzchild metric and lemma
3.3, we have
∂tη
j
i =
1
H2
∆ηji −
2
H3
∇kH∇kηji −
2
H2
∇jH∇iH
− 2
H2
ηki η
j
k +
|η|
H2
O(e−
nt
n−1 ) + o(e−
n+1
n−1
t). (3.19)
If on the time interval considered we have an uniform bound H0 ≤ H ≤ H1
for the mean curvature, by Hamilton’s maximum principle for parabolic
system [14], we can bound the largest eigenvalue µn−1 of η above by the
solution of the following ODE
d
dt
ϕ = − 2
H21
ϕ2 +
ϕ
H20
O(e−
nt
n−1 ) + o(e−
n+1
n−1
t).
So that µn−1 and then the largest principal curvature κn−1 of Σt have a
uniform upper bound depending on H1 and H0. Since the mean curvature
is bounded from below, it follows that the full second fundamental form is
bounded by
|A| ≤ C(n,H0,H1). (3.20)
In view of the mean curvature estimate in Lemma 3.4 and Lemma 3.5, we
have the long time existence of the inverse mean curvature flow.
INVERSE MEAN CURVATURE FLOW 13
Proposition 3.7. The solution of the inverse mean curvature flow is defined
on [0,∞).
Proof. Let [0, T ) be the maximum time interval of existence for the smooth
solution of the inverse mean curvature flow. If T <∞, then Lemma 3.4 and
Lemma 3.5 imply that
C2e
−
T
n−1 ≤ H ≤ C1.
From (3.20), we know that the full second fundamental form of Σt is uni-
formly bounded as t → T . Then the regularity results of Krylov [19] and
the short time existence theorem imply that we can extend the solution
smoothly beyond T , contradicting with the maximum of T . So we conclude
that T must be ∞. 
We now finish the proof of Theorem 1.1.
Proof of Theorem 1.1. It remains to show that the solution Σt converges to
a large coordinate sphere as t→∞. Let us define
λ˜ = λe−
t
n−1 . (3.21)
Then λ˜ satisfies
∂tλ˜ =
λ′v
H
e−
t
n−1 − 1
n− 1 λ˜ (:= F˜ ), (3.22)
where we denote the right hand side of (3.22) by F˜ . By lemma 3.3, the
family λ˜(·, t) is uniformly bounded. By lemma 3.4 and lemma 3.5, |∂tλ˜| is
also uniformly bounded. Noting that
λ˜ij = (λ
′′λ2 + λλ′2)e−
t
n−1ϕiϕj + λλ
′e−
t
n−1ϕij (3.23)
and the expression (2.21) of H, we deduce that
∂F˜
∂λ˜ij
=
σ˜ij
H2λ2
which is positive definite and therefore (3.22) is parabolic. Moreover, from
lemma 3.4, lemma 3.5 and lemma 3.6, we conclude that (3.22) is uniformly
parabolic.
By lemma 3.6, Dλ˜ decays exponentially fast:
Dλ˜ = Dλe−
t
n−1 = λ′λe−
t
n−1Dϕ = O(e−βt). (3.24)
Thus λ˜ converges to a positive constant λ¯ uniformly. From the regular-
ity estimate of Krylov [19, §5.5], the second derivatives of λ˜ are uniformly
bounded in C0,α. Using the interpolation theorem we deduce that D2λ˜ also
decays exponentially fast. In view of (3.23) and lemma 3.3, lemma 3.6, we
have |D2ϕ| = O(e−β˜t) for some constant β˜ > 0.
By (2.19) and lemma 3.6, the metric of Σt satisfies
e−
2t
n−1 gij → λ¯2σij (3.25)
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exponentially fast. From the expression (2.20) of hji , we have
| λ
λ′
hji − δji | = (
1
v
− 1)δji −
1
vλ′
σ˜jkϕki = O(e
−β′t) (3.26)
for a positive constant β′ = min{2β, β˜}. This implies that Σt converges to
a large coordinate sphere exponentially as t → ∞ and finishes the proof of
Theorem 1.1. 
3.2. Application. In this subsection, we apply Theorem 1.1 to reprove
the Minkowski type inequality, which was obtained by Brendle-Hung-Wang
[3] as the limit case of their inequality for strictly mean convex and star-
shaped hypersurface in anti-de Sitter-Schwarzschild manifold. Although the
argument is similar, the proof we give here is also interesting as the long-time
behaviors of the inverse mean curvature flow in Schwarzschild and anti-de
Sitter-Schwarzschild manifold are different, which makes the proof relatively
simpler.
Theorem 3.8 ( [3]). Let Σ be a strictly mean convex and star-shaped closed
hypersurface in the Schwarzchild manifold (M, g¯). Then
∫
Σ
fHdµ ≥ (n− 1)ωn−1
(
(
|Σ|
ωn−1
)
n−2
n−1 − 2m
)
, (3.27)
where f(r) = λ′(r), ωn−1 is the area of the unit sphere S
n−1 ⊂ Rn and |Σ|
is the area of Σ. Moreover, equality holds in (3.27) if and only if Σ is a
coordinate sphere {s} × Sn−1.
Recall that the boundary ∂M = {s0} × Sn−1 is called the horizon of
the Schwarzchild manifold (M, g¯), its area is equal to |∂M | = sn−10 ωn−1.
Since s0 is the unique positive solution of 1 − 2ms2−n0 = 0, we have 2m =
(|∂M |/ωn−1)
n−2
n−1 . Therefore (3.27) is equivalent to the following inequality∫
Σ
fHdµ ≥ (n − 1)ω
1
n−1
n−1
(
|Σ|n−2n−1 − |∂M |n−2n−1
)
. (3.28)
The classical Minkowski inequality for convex hypersurface Σ in Rn states
that ∫
Σ
Hdµ ≥ (n− 1)ω
1
n−1
n−1 |Σ|
n−2
n−1 . (3.29)
This was generalized by Guan and Li [11] to weakly mean convex and star-
shaped hypersurface using the inverse mean curvature flow. By letting m→
0, the Schwarchild metric reduces to the Euclidean metric g¯ = ds2+ s2gSn−1
and the potential f becomes f = 1. Thus as a limit case Theorem 3.8
recovers the Minkowski inequality (3.29) for strictly mean convex and star-
shaped hypersurface Σ in Rn. Note that Huisken recently shown that the
inequality (3.29) also holds for outward-minimizing hypersurfaces in Rn.
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The proof of Theorem 3.8 follows a similar argument in [3,11]. We evolve
the hypersurface Σ by inverse mean curvature flow and define the quantity
Q(t) = |Σt|−
n−2
n−1
(∫
Σt
fHdµt + 2(n− 1)mωn−1
)
on the flow hypersurfaces Σt, where |Σt| is the area of Σt. We first show that
Q(t) is monotone non-increasing under the inverse mean curvature flow.
Proposition 3.9. Under the inverse mean curvature flow (3.1), the quantity
Q(t) is monotone non-increasing in t.
Proof. As the proof of Proposition 5.3 in [3], we first have
d
dt
∫
Σt
fHdµt ≤
∫
Σt
(
n− 2
n− 1fH + 2〈∇¯f, ν〉
)
dµt, (3.30)
and equality holds if and only if Σt is totally umbilical. For convenience of
reader, we include the proof of (3.30) here.
d
dt
∫
Σt
fHdµt =
∫
Σt
(∂tfH + f∂tH + fH) dµt
=
∫
Σt
(
〈∇¯f, ν〉 − f∆ 1
H
− f
H
|A|2 − f
H
Ric(ν, ν) + fH
)
dµt
≤
∫
Σt
(
〈∇¯f, ν〉 − 1
H
(∆f + fRic(ν, ν)) +
n− 2
n− 1fH
)
dµt,
(3.31)
where we used |A|2 ≥ H2/(n − 1) in the last inequality. Using the identity
∆f = ∆¯f − ∇¯2f(ν, ν)−H〈∇¯f, ν〉 and (2.8),(2.9), we have
∆f + fRic(ν, ν) = −H〈∇¯f, ν〉.
Substituting this into (3.31) gives (3.30). If equality holds in (3.30), then
|A|2 = H2/(n − 1) and Σt is totally umbilical.
Let Ωt denote the region bounded by Σt and the horizon ∂M . Using the
divergence theorem and noting that ∆¯f = 0, we get∫
Σt
〈∇¯f, ν〉dµt =
∫
Ωt
∆¯fdvol +m(n− 2)ωn−1 = m(n− 2)ωn−1
which is a constant. Thus we obtain
d
dt
(∫
Σt
fHdµt + 2(n− 1)mωn−1
)
≤n− 2
n− 1
(∫
Σt
fHdµt + 2(n − 1)mωn−1
)
.
On the other hand, from the evolution (3.3) of the area element dµt, the
area of |Σt| satisfies ddt |Σt| = |Σt|. So we conclude that
d
dt
Q(t) ≤0,
equality holds if and only if (3.30) assumes equality and then Σt is totally
umbilical. 
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We next investigate the limit of Q(t) as t→∞.
Proposition 3.10. We have
lim inf
t→∞
Q(t) ≥(n − 1)ω
1
n−1
n−1 .
Proof. From the expression (2.19) of the metric g and lemma 3.6, the area
element dµt satisfies
dµt = λ
n−1(1 +O(e−2βt))dvolSn−1 ,
Then we have
|Σt|
n−2
n−1 =
(∫
Sn−1
λn−1dvolSn−1
)n−2
n−1 (
1 +O(e−2βt)
)
. (3.32)
On the other hand,
f =
√
1− 2mλ2−n = 1−mλ2−n +O(λ4−2n).
By the expression (2.21) of the mean curvature H and the exponentially
decay of ϕi, ϕij ,
λH =
(n− 1)λ′
v
− σ
ijϕij
v
+
ϕiϕjϕij
v3
= n− 1 +O(e−γt)
for some positive constant γ = min{2β, β˜, n−2n−1}. So we have∫
Σt
fHdµt =(n− 1)
∫
Sn−1
λn−2dvolSn−1
(
1 +O(e−γt)
)
. (3.33)
Then we obtain
lim inf
t→∞
Q(t) ≥(n− 1) lim inf
t→∞
∫
Sn−1
λn−2dvolSn−1(∫
Sn−1
λn−1dvolSn−1
)n−2
n−1
(3.34)
Since λ˜ = λe−
t
n−1 converges to a constant λ¯, there exists a positive func-
tion ǫ(t) such that limt→∞ ǫ(t) = 0 and
λ¯− ǫ < λ˜ < λ¯+ ǫ
or equivalently
(λ¯− ǫ)e tn−1 < λ < (λ¯+ ǫ)e tn−1
when t is sufficiently large. So we conclude that
lim inf
t→∞
Q(t) ≥ (n− 1)ω
1
n−1
n−1 lim inft→∞
(
λ¯− ǫ
λ¯+ ǫ
)n−2 = (n− 1)ω
1
n−1
n−1 , (3.35)
which completes the proof. 
Remark 3.3. Note that in [3], Beckner’s sharp Sobolev inequality on sphere
plays a crucial role in estimating the monotone quantity Q(t), while here
we can avoid this due to the good long time behavior of the inverse mean
curvature flow in Schwarzchild manifold.
INVERSE MEAN CURVATURE FLOW 17
Now we can finish the proof of Theorem 3.8. Since Q(t) is monotone
non-increasing in time t, we have
Q(0) ≥ lim inf
t→∞
Q(t) ≥ (n− 1)ω
1
n−1
n−1 .
Thus we obtain∫
Σt
fHdµt + 2(n− 1)mωn−1 ≥ (n− 1)ω
1
n−1
n−1 |Σt|
n−2
n−1
which is equivalent to (3.27). If the equality holds in (3.27), then Q(t) is
a constant in t. From the proof of Proposition 3.9, the hypersurface Σ0 is
totally umbilical. It follows from the Codazzi equations that Ric(ν, ei) = 0
for any tangent vector fields ei. Since m > 0, the expression (2.5) of Ricci
curvature implies that the radial vector ∂r is either parallel or orthogonal to
the unit normal vector ν of Σ0. By the star-shapedness of Σ0, ∂r is parallel
to ν at each point of Σ0 and then Σ0 is a coordinate sphere {s}×Sn−1. This
completes the proof of Theorem 3.8.
Finally we show that the inequality (3.27) is also true for star-shaped and
weakly mean convex (i.e., H ≥ 0) hypersurface Σ, as we can approximate
such Σ by a family of star-shaped and strictly mean convex hypersurfaces
Σǫ, 0 < ǫ < ǫ0 and then the conclusion follows from the approximation
process. To this end, we need the following approximation lemma
Lemma 3.11. Suppose that Σ0 is a star-shaped and weakly mean-convex
hypersurface in Schwarzchild manifold (M, g¯), then we can approximate it
by a family of star-shaped and strictly mean-convex hypersurfaces Σǫ, 0 <
ǫ < ǫ0.
Proof. Since Σ0 is weakly mean-convex, we have that the mean curvature
H ≥ 0 on Σ0. We solve the mean curvature flow X : Σ× [0, ǫ0)→ (M, g¯),
∂tX = −Hν, (3.36)
with Σ0 = X(Σ, 0) as the initial data. Then the mean curvature H evolves
by (see [16])
∂tH = ∆H +H(|A|2 +Ric(ν, ν)). (3.37)
Then in view of the maximum principle, (3.37) implies that H ≥ 0 for all
Σt, t ∈ [0, ǫ0). Suppose H(x0, t0) = 0 at some interior point x0 ∈ Σt0 , 0 <
t0 < ǫ0, the strong maximum principle implies that H(x, t) ≡ 0 for (x, t) ∈
Σt, t ∈ [0, t0). However, since Σt is a closed hypersurface in (M, g¯), there
exists at least one elliptic point on each Σt (see e.g., [22, Lemma 2.1]).
Thus there is at least one point x ∈ Σt such that H(x, t) > 0, which is
a contradiction. So we conclude that H > 0 for all Σt, t ∈ (0, ǫ0). Since
star-shaped is an open condition, we have that Σǫ is also star-shaped for
0 < ǫ < ǫ0 provided that ǫ0 is sufficiently small. 
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Suppose Σ is a star-shaped and weakly mean convex hypersurface in
(M, g¯0), then lemma 3.11 gives a family of star-shaped and strictly mean-
convex hypersurfaces Σǫ, 0 < ǫ < ǫ0 with Σǫ → Σ smoothly as ǫ → 0. By
Theorem 3.8, the inequality (3.27) holds for each Σǫ. Therefore by letting
ǫ→ 0, we conclude that (3.27) also holds for Σ.
Remark 3.4. A similar argument implies that the main inequality in [3,
Theorem 1] also holds for star-shaped and weakly mean convex hypersurface
in anti-deSitter-Schwarzchild manifold.
4. Inverse mean curvature flow in Kottler space
In this section, we consider the inverse mean curvature flow in the Kotter-
Schwarzchild manifold (Mκ, g¯κ). The existence and convergence result of
inverse mean curvature flow in (Mκ, g¯κ) with star-shaped and strictly mean
convex initial hypersurface has been studied in [3, 13] (see also [6, 9] for Hn
case). We will show that star-shaped and weakly mean convex initial hyper-
surface has a global smooth solution of strictly mean convex to the inverse
mean curvature flow for all time t > 0. Firstly, we prove the following lower
bound for the mean curvature, independently of the initial mean curvature.
Lemma 4.1. Suppose that X : Σ×[0, T )→ (Mκ, g¯κ) is a smooth star-shaped
solution to the inverse mean curvature flow (1.4) in the Kottler space with
nonnegative mass m ≥ 0 and the support function χ = 〈λκ∂r, ν〉 of the initial
hypersurface Σ0 = X0(Σ) satisfies
0 < R1 ≤ χ ≤ R2. (4.1)
Then we have the following estimate on the mean curvature H of Σt, t ∈
[0, T ).
min
Σt
H ≥ e− 1n−1 (n− 1) 12R1R−12 min{
1√
2
t
1
2 , 1}. (4.2)
Proof. From the expression (2.15) for Ricci tensor of (Mκ, g¯κ), we have
Ric(ν, ν) = m(n− 2)λ−nκ − (n− 1)−mn(n− 2)λ−nκ |∂⊥r |2
Ric(ν, ∂k)〈λκ∂r, ∂j〉gkj = −mn(n− 2)λ−nκ χ|∂⊤r |2,
Then by lemma 3.1 and remark 3.1, we have
∂tH =
∆H
H2
− 2 |∇H|
2
H3
− |A|
2
H
− 1
H
(
−n+ 1 +m(n− 2)λ−nκ −mn(n− 2)λ−nκ |∂⊥r |2
)
(4.3)
∂tχ =
1
H2
∆χ+
|A|2
H2
χ+
1
H2
mn(n− 2)λ−nκ |∂⊤r |2χ. (4.4)
Under the condition (4.1), from lemma 3.2 and remark 3.2 we have
R1e
t
n−1 ≤ χ ≤ λκ(r) ≤ R2e
t
n−1 .
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Define u = (Hχ)−1. Since we have estimated the bounds of χ in (4.5), to
estimate the lower bound of H it suffices to estimate the upper bound of
u. Combining the equations (4.3) and (4.4), we can derive the evolution
equation of u:
∂tu =−H−2χ−1∂tH −H−1χ−2∂tχ
=−H−2χ−1
(
∆H
H2
− 2 |∇H|
2
H3
− |A|
2
H
)
+H−3χ−1
(
m(n− 2)λ−nκ − (n− 1)−mn(n− 2)λ−nκ |∂⊥r |2
)
−H−1χ−2
(
1
H2
∆χ+
|A|2
H2
χ
)
−H−3χ−1mn(n− 2)λ−nκ |∂⊤r |2
=H−2(χ−1∆H−1 +H−1∆χ−1)− 2H−3χ−3|∇χ|2
− (n− 1)H−3χ−1 −m(n− 1)(n − 2)λ−nκ H−3χ−1
≤ div(H−2∇u)− 2H−2u−1|∇u|2 − (n− 1)u3χ2, (4.6)
where we used m ≥ 0 and |∂⊥r |2 + |∂⊤r |2 = |∂r|2 = 1. To estimate the upper
bound of u, let
v = (t− t0)
1
2u, (4.7)
where t0 > 0 is arbitrary but fixed. Then v(x, t0) ≡ 0 on Σt0 . From the
evolution equation (4.6) for u, we derive that
∂tv ≤ div(H−2∇v)− 2H−2v−1|∇v|2 + 1
2
(t− t0)−1v
− (n− 1)(t− t0)−1v3χ2. (4.8)
Let vk = max(v− k, 0) for k ≥ 0 and let A(k) = {x ∈ Σt, v(x, t) > k}. Then
by (3.3) and (4.6),
d
dt
∫
Σt
v2kdµt ≤
∫
A(k)
2vk∇i(H−2∇iv)dµt − 4
∫
A(k)
H−2vkv
−1|∇v|2dµt
+ (t− t0)−1
∫
A(k)
vvkdµt +
∫
A(k)
v2kdµt
− 2(n − 1)(t− t0)−1
∫
A(k)
v3vkχ
2dµt
≤(t− t0)−1
∫
A(k)
vvkdµt +
∫
A(k)
v2kdµt
− 2(n − 1)(t− t0)−1
∫
A(k)
v3vkχ
2dµt.
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Using v > k on A(k) and χ ≥ R1e
t
n−1 , we have
d
dt
∫
Σt
v2kdµt ≤(t− t0)−1
∫
A(k)
vvkdµt +
∫
A(k)
v2kdµt
− 2(n − 1)k2(t− t0)−1R21e
2t
n−1
∫
A(k)
vvkdµt
If for 0 < t0 < t1,
k2 ≥ k20 =
1
n− 1R
−2
1 e
−
2t0
n−1 max{t1 − t0, 1}, (4.9)
then on the interval [t0, t1], we have
d
dt
∫
Σt
v2kdµt ≤0. (4.10)
Note that by the definition vk(x, t0) ≡ 0, then the above inequality implies
that vk(x, t) ≡ 0 for all t ∈ [t0, t1], provided that k satisfies (4.9).
We now consider the small and large times separately: If t1 ≤ 2, we choose
t0 = t1/2 ≤ 1 and then
k20 =
1
n− 1R
−2
1 e
−
2t0
n−1 .
From the definition of vk, we conclude that
sup
Σt1
u ≤ t−
1
2
0 (n− 1)−
1
2R−11 e
−
t0
n−1 ≤ e 1n−1
√
2t
−
1
2
1 (n− 1)−
1
2R−11 e
−
t1
n−1 ,
since t0 ≤ 1. If t1 ≥ 2, we choose t0 = t1 − 1 ≥ 1 and we still have
k20 =
1
n− 1R
−2
1 e
−
2t0
n−1 .
In this case,
sup
Σt1
u ≤ k0 = (n − 1)−
1
2R−11 e
−
t0
n−1 ≤ e 1n−1 (n− 1)− 12R−11 e−
t1
n−1 .
In summary, in any case we have
sup
Σt
u ≤ e 1n−1 (n− 1)− 12R−11 e−
t
n−1 max{
√
2t−
1
2 , 1}. (4.11)
Then from the definition u = (Hχ)−1 and (4.5), we obtain
min
Σt
H ≥e− 1n−1 (n− 1) 12R1R−12 min{
1√
2
t
1
2 , 1}.

Remark 4.1. Note that the lower bound (4.2) of H is independent of the
initial mean curvature, while the lower bound of H in [3,13] depends on the
mean curvature H of the initial hypersurface.
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Remark 4.2. Here we only proved the estimate (4.2) for inverse mean cur-
vature flow in Kottler space with nonnegative mass. In the case that the
Kottler space has negative mass m < 0, one can easily check that sκ ≥
(−m(n − 2))1/n. Since we always have λκ(r) ≥ sκ, the two terms in the
sixth line of (4.6) can be estimated as
− (n− 1)H−3χ−1 −m(n− 1)(n − 2)λ−nκ H−3χ−1
≤− (n− 1)H−3χ−1 −m(n− 1)(n − 2)s−nκ H−3χ−1 ≤ 0.
One can hope to explore the negative gradient term in (4.6) to estimate the
upper bound of u as Huisken-Ilmanen did in [18]. If the initial hypersurface
satisfies a slightly stronger condition λκ(r) ≥ 21/nsκ, then
− (n− 1)H−3χ−1 −m(n− 1)(n− 2)λ−nκ H−3χ−1
≤− (n− 1)H−3χ−1 − 1
2
m(n− 1)(n − 2)s−nκ H−3χ−1
≤− 1
2
(n− 1)H−3χ−1.
So we have enough negative term in the evolution equation of (4.6) and the
remaining part in the proof of lemma 4.1 can be followed as well. Thus in
this case, the estimate (4.2) also holds with a slightly adjusted constant on
the right hand side.
Suppose X : Σ × [0, T ) → (Mκ, g¯κ) is a smooth solution to the inverse
mean curvature flow which is star-shaped and the support function χ of the
initial data Σ0 satisfies (4.1). Then (4.2) gives a lower bound of H on all
Σt, t ∈ [0, T ), independent on the initial mean curvature. In view of the
evolution equation of H in (4.3), the mean curvature is uniformly bounded
above by its initial bound supΣ0 H. Then as in [3, 13], we have that the
full second fundamental form A is uniformly bounded on Σt, t ∈ [T/2, T ). If
T <∞, the regularity results of Krylov [19] gives the higher regularity of the
solution and convergence to smooth limit hypersurface ΣT as t→ T . Then
the short time existence result can be used to extend the solution smoothly
past the time T . So we have T = ∞ and the solution exists for all time
[0,∞).
To prove Theorem 1.2, we need the following approximation lemma
Lemma 4.2. Let X0 : Σ → (Mκ, g¯κ) be a closed oriented hypersurface im-
mersion of class C1, with measurable, bounded and nonnegative weak mean
curvature. Then Σ0 = X0(Σ) is of class C
1,β ∩W 2,p for all 0 < β < 1, 1 ≤
p <∞, and can be approximated locally uniformly in C1,β∩W 2,p by a family
of smooth hypersurfaces Σ˜ǫ, 0 < ǫ < ǫ0, satisfying H > 0.
Proof. The proof is similarly as that in [18, Lemma 2.6], except that we are
using the mean curvature flow in (Mκ, g¯κ) and the evolution equations of
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the mean curvature H and the second fundamental form |A|2 are (see [16])
∂tH =∆H + (|A|2 +Ric(ν, ν))H
∂t|A|2 =∆|A|2 − 2|∇A|2 + 2(|A|2 +Ric(ν, ν))|A|2
+ 4hijhmj R¯
l
mli − 4hijhlmR¯milj + 2hij(∇¯jR¯ l0li + ∇¯lR¯ l0ij )
The additional curvature terms in the above evolution equations are of lower
order, so the argument in [18, Lemma 2.6] can be carried over directly and
we omit the details. 
We now finish the proof of Theorem 1.2. Given Σ0, the initial hypersur-
face in Theorem 1.2, let Σ˜ǫ be the family of approximated hypersurfaces of
positive mean curvature in Lemma 4.2. Starting from each Σ˜ǫ, 0 < ǫ < ǫ0,
(1.4) has a global smooth solution for all time [0,∞), all the estimates in
Lemma 4.1 and the higher regularity estimates are uniform in ǫ for each
positive fixed t > 0. By letting ǫ→ 0 we obtain the desired global solution
of (1.4) for all 0 < t < ∞. This solution approaches the initial data Σ0
uniformly as t→ 0 in view of the estimate on H in Lemma 4.1 and the fact
that Σt can be written as a graph of bounded gradient over Σ0.
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